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overarching goal

develop and study homotopy invariants of orbifolds that arise via 
Waldhausen’s higher algebraic K-theory

talk outline

• Part I: Introduction

• What are these three things?

• What is known about them?

• Part II: Main results
• What did I do with them?

• What’s next?

time

c
o

m
p

re
h

e
n

s
ib

ili
ty

everyone*

my committee

me



overarching goal

develop and study homotopy invariants of orbifolds that arise via 
Waldhausen’s higher algebraic K-theory
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idea

homotopy invariants detect the 
“essential structure” of a shape



key example

the Euler characteristic is the 
alternating sum

𝜒 = 𝑏0 − 𝑏1 + 𝑏2 − ⋯

where 𝑏𝑛 is the number of “n-
dimensional holes”

𝜒 = 1 − 0 + 0 = 1

𝜒 = 1 − 1 + 0 = 0

𝜒 = 1 − 2 + 0 = −1

𝜒 = 1 − 0 + 1 = 2

motivating idea

develop refined “equivariant” 
invariants that see symmetries 

e.g. count 
“symmetric” 

holes

no symmetryreflectional 
symmetry

reflectional 
+ rotational 
symmetry

specifically: invariants that see 
“orbispace” structure

(C2-symmetry)
(D6-symmetry)

(e-symmetry)

overarching goal

develop and study homotopy invariants of orbifolds that arise via 
Waldhausen’s higher algebraic K-theory



examples

spaces X with G-action give global 
quotient orbispaces X//G
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definition (Gusein-Zade, Luengo, Melle-Hèrnandez)

the universal Euler characteristic is

𝜒 𝑋 =  σ[𝐺] 𝜒(𝑋(𝐺))[𝐺] ∈ 𝒜 
(global 

Burnside ring)

A

(2 − #singularities)[e ] + σ[𝐶𝑘𝑖
] 

𝜒  = [𝑒] + [𝐶𝑘]

𝜒( ) = 𝐶𝑘 + [𝐶𝑗]

𝜒( ) = −2 𝑒 + 𝐶𝑘 + 𝐶𝑗 + 𝐶𝑛 + [𝐶𝑚]

overarching goal

develop and study homotopy invariants of orbifolds that arise via 
Waldhausen’s higher algebraic K-theory



overarching goal

develop and study homotopy invariants of orbifolds that arise via 
Waldhausen’s higher algebraic K-theory

recall

if  𝑓: CW∗
fin → 𝑅 is:

1. homotopy invariant

2. reduced

3.  additive

then 𝑓 factors through the (reduced) 
Euler characteristic 

observation (Waldhausen)

the Euler characteristic gives an 

isomorphism 𝐾0 CW∗
fin ≅ ℤ

definition (Gusein-Zade, Luengo, Melle-Hèrnandez)

the universal Euler characteristic is

analogous observation

the (reduced) universal Euler 
characteristic gives an isomorphism 

𝐾0 orbiCW∗
fin ≅ 𝒜

ℤ𝜒

𝑓 ∗ = 0

𝑓 𝑋 = 𝑓 𝐴 + 𝑓(𝑋/𝐴) theorem (Gusein-Zade, Luengo, Melle-Hèrnandez)

the universal Euler characteristic has 
an analogous characterization

𝜒 𝑋 =  σ[𝐺] 𝜒(𝑋(𝐺))[𝐺] ∈ 𝒜 



observation (Waldhausen)

the Euler characteristic gives an 

isomorphism 𝐾0 CW∗
fin ≅ ℤ

Waldhausen’s algebraic K-theory of spaces

every space X determines a spectrum 
A(X) that contains homotopical & 
geometric information

stable parametrized h-cobordism theorem 
(Waldhausen, Jahren, Rognes)

when X is a smooth manifold, A(X) is 
related to a space of h-cobordisms

analogous observation

the (reduced) universal Euler 
characteristic gives an isomorphism 

𝐾0 orbiCW∗
fin ≅ 𝒜

overarching goal

develop and study homotopy invariants of orbifolds that arise via 
Waldhausen’s higher algebraic K-theory

motivating questions for my work

1. if X is an orbispace, what structure 
does A(X) have?

2. what kind of geometric & homotopical 
invariants does it contain?

3. connection to orbifold h-cobordisms? 



overview + 
summary of main 

results



motivating question #1

if X is an orbispace, what structure 
does A(X) have?

theorem

if X is an orbispace, then A(X) 
refines to an orbispectrum

theorem

orbispectra are “globally defined” 
spectral Mackey functors 

corollary

the homotopy groups of an 
orbispectrum form a globally defined 
Mackey functor 

(aka biset functor)

a table of analogies

non-equivariant G-equivariant orbivariant

space X ∈ 𝒮 G-space X ∈ 𝒮𝐺 orbispace X ∈ 𝒮𝑂 

𝒮𝐺 = 𝐹𝑢𝑛(𝑂𝐺
𝑜𝑝

, 𝒮) 𝒮𝑂 = 𝐹𝑢𝑛(𝑂𝑜𝑝, 𝒮)

(Elmendorf) (Gepner--Henriques)

spectrum E ∈
𝑆𝑝 

G-spectrum 
𝐸G ∈ 𝑆𝑝𝐺 

orbispectrum
𝐸 ∈ 𝑆𝑝𝑂 

infinite loop 
space

𝐸 ≃ Ω𝑛𝑋𝑛

G-infinite loop 
space

𝐸𝐺 ≃ Ω𝑉𝑋𝑉

G-infinite loop space 
for every G

𝑟𝑒𝑠𝐺𝐸 ≃ Ω𝑉𝑋𝑉

(Schwede, Cnossen)

homotopy 
groups

 𝜋𝑘(𝐸) ∈ 𝐴𝑏 

homotopy 
Mackey functors

 𝜋𝑘(𝐸) ∈
𝑀𝑎𝑐𝑘𝐺(𝐴𝑏) 

spectral G-
Mackey functors 
𝐸𝐺 ∈ 𝑀𝑎𝑐𝑘𝐺(𝑆𝑝)

(Guillou—May, Barwick)

spectral globally-
defined Mackey 

functors 𝐸 ∈
𝑀𝑎𝑐𝑘𝑂(𝑆𝑝)

homotopy biset 
functors

 𝜋𝑘(𝐸) ∈
𝑀𝑎𝑐𝑘𝑂(𝐴𝑏) 



theorem

orbispectra are “globally defined” 
spectral Mackey functors 

definition (Bouc, Webb)

a globally-defined Mackey functor A is 
specified by:

•  an Abelian group A(G) for each finite group 
G

• for each H  G, restrictions and transfers

A(H)                   A(G)     
R

T

definition

let 𝒞 be an (infinity) category with products and 
define

finite groupoids + faithful functors

Mack𝑂 𝒞 ≔ Fun× Span ℱ 𝑜𝑝 , 𝒞

coproducts-to-products 
theorem

Mackorb Ab ≃ Bouc/Webb’s 
globally-defined Mackey functors

idea

𝐵𝐺 ↦ A(G) 

𝐵𝐺 ← 𝐵𝐻 = 𝐵𝐻 ↦ T

𝐵𝐻 = 𝐵𝐻 → 𝐵𝐺 ↦ R

remark: Span(ℱ) is like the “un-
group completed” version of 
Bouc/Webb’s biset category 

corollary

the homotopy groups of an 
orbispectrum form a globally defined 
Mackey functor 

(aka biset functor)

(e.g. representation ring, group cohomology, …)



definition (Bouc, Webb)

a globally-defined Mackey functor A is 
specified by:

•  an Abelian group A(G) for each finite group 
G

• for each H  G, restrictions and transfers

A(H)                   A(G)     
R

T

definition

let 𝒞 be an (infinity) category with products and 
define

finite groupoids + faithful functors

Mack𝑂 𝒞 ≔ Fun× Span ℱ 𝑜𝑝 , 𝒞

coproducts-to-products 

idea

𝐵𝐺 ↦ A(G) 

𝐵𝐺 ← 𝐵𝐻 = 𝐵𝐻 ↦ T

𝐵𝐻 = 𝐵𝐻 → 𝐵𝐺 ↦ R

remark: Span(ℱ) is like the “un-
group completed” version of 
Bouc/Webb’s biset category 

A

side quest

every globally-defined Mackey functor 
𝐴 gives an Eilenberg—Maclane 
orbispectrum 𝐻𝐴

theorem

these orbispectra represent ordinary 
cohomology theories for orbispaces

A(𝐶𝑘)

A(𝑒)

0

∗= 0,

∗= 2

∗= 1,∗≥ 3,෩𝐻∗ 

Ck

, 𝐴 ≅

theorem 

orbispectra are “globally defined” 
spectral Mackey functors 

theorem

Mackorb Ab ≃ Bouc/Webb’s 
globally-defined Mackey functors

corollary

the homotopy groups of an 
orbispectrum form a globally defined 
Mackey functor 

(aka biset functor)



theorem

orbispectra are “globally defined” 
spectral Mackey functors 

definition

let 𝒞 be an (infinity) category with products and 
define

finite groupoids + faithful functors

Mack𝑂 𝒞 ≔ Fun× Span ℱ 𝑜𝑝 , 𝒞

coproducts-to-products 

theorem

every connective orbispectrum is the 
algebraic K-theory of some “globally 
defined” categorical Mackey functor 

idea (Bohmann--Osorno, Barwick, Malkiewich--Merling, …)

let 𝐾: 𝒞 → Sp be an algebraic K-theory functor 

(𝒞 = Sym, Wald, Prst
L , …) and define

𝐾𝑂:  Mack𝑂 𝒞 → Mack𝑂 Sp
definition/theorem

if X is an orbispace, then A(X) 
refines to an orbispectrum A(X)

A(X) ↭ 𝐴𝐺 res𝐺 𝑋
𝐺

G-equivariant K-theory of 

Malkiewich--Merling 

examples

• 𝕊𝑂 ≃ 𝐾𝑂(finite groupoids)

• suspension orbispectrum of X ≃ 𝐾𝑂(finite 
groupoids over X)

•  HA ≃ 𝐾𝑂(A)



motivating question #1

if X is an orbispace, what structure 
does A(X) have?

A(X) ↭ 𝐴𝐺 res𝐺 𝑋
𝐺

motivating question #2

what kind of geometric & 
homotopical invariants does A(X) 
contain?

corollary (Lück, C.—Chan—Mejia) 

the G-fixed points of A(X) house 
G-equivariant invariants

theorem

there is a complementary spectrum Aorb(X) 
which contains genuine orbispace invariants, 
and a map

Aorb(X) → lim
𝐺

𝐴(X)G

A

example: X=∗ 

𝜋0 𝐴 ∗ 𝐺 ≅ 𝐾0 𝐺CW∗
fin  

𝜋0 𝐴 ∗ 𝑒 ≅ 𝐾0 CW∗
fin  

𝐾0 orbi−CW∗
fin ≅ 𝒜

𝜒𝐺 ∈

𝜒 ∈

χorb ∈

𝜋0Aorb(X) ≅

Aorb(X)

definition/theorem

if X is an orbispace, then A(X) 
refines to an orbispectrum A(X)



motivating question #2

what kind of geometric & 
homotopical invariants does A(X) 
contain?

theorem

there is a complementary spectrum Aorb(X) 
which contains genuine orbispace invariants, 
and a map

Aorb(X) → lim
𝐺

𝐴(X)G

Aorb(X)

answer

versions of the Euler characteristic 
and Wall’s finiteness obstruction theorem (using jt. work with Chan—Chedalavada—Mejia)

there is a splitting Aorb(X) ≃ [𝐺]ڀ 𝐴(𝑋ℎΓ(𝐺)
𝐺 ) which can be understood via a family 

of non-equivariant invariants 

built from ”G-part” 

of X

example: 𝑋 =∗

Aorb(∗) ≃
[𝐺]ڀ 𝐴(𝐵Out 𝐺 × 𝐵2𝑍(𝐺))

conjecture

𝜋1Aorb(X) contains a version of 
Whitehead torsion that sees “simple” 
equivalences

motivating question #3

what connection do these 
constructions have to orbifold h-
cobordisms?



theorem

there is a complementary spectrum Aorb(X) 
which contains genuine orbispace invariants, 
and a map

Aorb(X) → lim
𝐺

𝐴(X)G

theorem (using jt. work with Chan—Chedalavada—Mejia)

there is a splitting Aorb(X) ≃ [𝐺]ڀ 𝐴(𝑋ℎΓ(𝐺)
𝐺 ) 

conjecture

𝜋1Aorb(X) contains a version of 
Whitehead torsion that sees “simple” 
equivalences

motivating question #3

what connection do these 
constructions have to orbifold h-
cobordisms?

stable parametrized h-cobordism theorem

if M is a manifold, then there is a (split) fiber 
sequence 

Σ+
∞𝑀 → 𝐴 𝑀 → Wh(𝑀)

where Ω∞+1Wh 𝑀 ≃ ℋ∞(𝑀) is a space of 
stable h-cobordisms

conjecture

under suitable dimension 
hypotheses, Whitehead torsion 
classifies orbifold h-cobordisms

conjecture

Aorb(X) fits into a stable parametrized 
orbifold h-cobordism theorem

thank you all
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